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1 Introduction  

The advances in algorithms, visualization, data analytics are expected to greatly impact 
progress in the digital presentation and preservation of cultural heritage which is of 
enormous importance for the human society. This paper presents theoretical results on 
estimating the condition numbers which is an important problem in image restoration 
problems. We follow the problem description in (Stanley, Ankit, Truong, & Edmund, 
2011): 

Image restoration is an inverse problem where the goal is to recover a sharp image 
from a blurry and noisy observation. Using the classical shift-invariant imaging system 
model (Kim, 2002), the input-output relationship is given by: 

𝑔𝑔 = 𝐻𝐻𝐻𝐻 + ℎ,       (1) 
where f is a vector denoting the unknown (potentially sharp) image, g is the observed 
blurry and noisy image, h is the noise vector and H is a matrix that models the blur 
(convolution matrix). If the blur is spatially invariant, meaning that all pixels of the 
image f are identically blurred, then the matrix H has a block-circulant-with-circulant-
block (BCCB) structure (Chan, 2010). In this case, H can be diagonalized using Fourier 
transforms. However, if the blur is spatially variant, then H is not diagonalizable using 
DFT matrices, thus making the spectral analysis of H difficult. In (Stanley, Ankit, 
Truong, & Edmund, 2011) a method for estimation the upper and lower bounds on the 
largest and smallest eigenvalues of 𝐻𝐻𝑇𝑇𝐻𝐻 and hence the condition number of 𝐻𝐻𝑇𝑇𝐻𝐻 is 
presented. 

The goal of this paper is to present another method, namely a Fast Monte Carlo 
method for estimation the condition number of a given matrix. 
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2 Background 

2.1 Formulation 

The condition number of square nonsingular matrix A is defined by: 
cond(A)=||A|.||𝐴𝐴−1||.             (1) 

The numerical value of the condition number of an 𝑛𝑛𝑛𝑛𝑛𝑛 matrix depends on the par-
ticular norm used but because of the equivalence of the underlying vector norms, these 
values can differ by at most a fixed constant and hence they are equally useful as quan-
titative measure of conditioning number. 

In this paper we use the following matrix norm  
||𝐴𝐴||2 = 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴),             (2) 

where 𝜎𝜎𝑚𝑚𝑚𝑚𝑚𝑚(𝐴𝐴) represents the largest singular value of matrix A. A singular value of a 
real matrix A is the positive square root of an eigenvalue of the symmetric matrix 𝐴𝐴𝐴𝐴𝑇𝑇 
or 𝐴𝐴𝑇𝑇𝐴𝐴. For symmetric and Hermitian matrices the eigenvalues and singular values are 
obviously closely related. A nonnegative eigenvalue, 𝜆𝜆 ≥ 0, is also a singular value 
where 𝜎𝜎(𝐴𝐴) = 𝜆𝜆. Next, if a matrix A is diagonalizable, then the eigenvalues of the in-
verse matrix are reciprocals of the eigenvalues of A.  

Let 𝐴𝐴 = {𝑎𝑎𝑖𝑖𝑖𝑖}𝑖𝑖,𝑖𝑖=1𝑛𝑛 ∈ ℝ𝑛𝑛𝑚𝑚𝑛𝑛  be a given (non-singular) matrix. The eigenvalue prob-
lem which we consider is to find 𝜆𝜆(𝐴𝐴) such that: 

𝐴𝐴𝐴𝐴 = 𝜆𝜆(𝐴𝐴)𝐴𝐴.               (3) 
A matrix polynomial of degree k is donated by the equation: 

𝑝𝑝𝑘𝑘(𝐴𝐴) = ∑ 𝑐𝑐𝑖𝑖𝑘𝑘
𝑖𝑖=0 𝐴𝐴𝑖𝑖 ,   𝑐𝑐𝑖𝑖 ∈ ℝ.          (4) 

In the rest of the paper we concentrate on computing the largest and the smallest 
eigenvalues of a matrix using Monte Carlo (MC) method. 

2.2 Computing the Extreme Eigenvalues 

The well-known Power method (Golub & Van Loon, 1996), (Isaacson & Keller, 1996) 
gives an estimate for the dominant eigenvalue 𝜆𝜆1. Let A be an 𝑛𝑛𝑛𝑛𝑛𝑛 matrix with real 
elements 𝑎𝑎𝑖𝑖𝑖𝑖. We denote the matrix eigenvectors by {𝐴𝐴𝑖𝑖}𝑖𝑖=1𝑛𝑛  and suppose that 

    |λ1| > |λ2| ≥…….≥ |λn−1| > |λn|. 
Using the Power method for estimating the eigenvalue, we get 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚
(𝑘𝑘+1) = 𝜆𝜆1

𝑚𝑚1𝑢𝑢𝑖𝑖1+∑ (
𝜆𝜆𝑗𝑗

𝜆𝜆1
� )𝑘𝑘+1𝑛𝑛

𝑗𝑗=2 𝑚𝑚𝑗𝑗𝑢𝑢𝑖𝑖𝑗𝑗

𝑚𝑚1𝑢𝑢𝑖𝑖1+∑ (
𝜆𝜆𝑗𝑗

𝜆𝜆1
� )𝑘𝑘𝑛𝑛

𝑗𝑗=2 𝑚𝑚𝑗𝑗𝑢𝑢𝑖𝑖𝑗𝑗
,          (5) 

 
𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚

(𝑘𝑘+1) = 𝜆𝜆1 + Ο(| 𝜆𝜆2 𝜆𝜆1� |𝑘𝑘)            (6) 
If A is a symmetric matrix and has real eigenvalues and eigenvectors, formulas (5) 

and (6) become: 

𝜇𝜇𝑘𝑘+1 = 𝜆𝜆1
|𝑚𝑚1|2+∑  |𝑚𝑚𝑗𝑗|2(

𝜆𝜆𝑗𝑗
𝜆𝜆1
� )2𝑘𝑘+1𝑛𝑛

𝑗𝑗=2

|𝑚𝑚1|2+∑  |𝑚𝑚𝑗𝑗|2(
𝜆𝜆𝑗𝑗

𝜆𝜆1
� )2𝑘𝑘𝑛𝑛

𝑗𝑗=2

,           (7) 
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𝜇𝜇𝑘𝑘+1 = 𝜆𝜆1 + Ο(| 𝜆𝜆2 𝜆𝜆1� |2𝑘𝑘)            (8) 
There are two deterministic numerical methods that can efficiently compute only the 

extremal eigenvalues: the Power method and the Lanczos-type method. We should note 
that the Lanczos-type method is used only for symmetric eigenvalue problems (Golub 
& Van Loon, 1996).  

Computational Complexity: If k iterations are required for convergence, the number 
of arithmetic operations is Ο(k𝑛𝑛2) for the Power method and Ο(𝑛𝑛3 +k𝑛𝑛2) for both meth-
ods – the Inverse and Inverse Shifted Power method. 

3 Condition Number Estimation Using Monte Carlo 

3.1 Monte Carlo Method for Approximate Computing of Eigenvalues 

Let ℎ = {ℎ𝑖𝑖}𝑖𝑖=1𝑛𝑛  and 𝐻𝐻 = {𝐻𝐻𝑖𝑖}𝑖𝑖=1𝑛𝑛  be two arbitrary vectors in ℝ𝑛𝑛. To create a stochastic 
process we use the matrix A and those two given vectors. The problem we are interested 
in evaluating is the scalar products of the following type: 

(ℎ, 𝑝𝑝𝑚𝑚(𝐴𝐴)𝐻𝐻).              (9) 
 

Considering the special case 𝑝𝑝𝑚𝑚(𝐴𝐴) = 𝐴𝐴𝑚𝑚, the form (9) becomes 
(ℎ,𝐴𝐴𝑚𝑚𝐻𝐻).               (10) 

The problem of approximate computing of the largest eigenvalue can be reformu-
lated as: 

𝜆𝜆1 ≈ lim
𝑚𝑚→∞

(ℎ,𝐴𝐴𝑚𝑚𝑓𝑓)
(ℎ,𝐴𝐴𝑚𝑚−1𝑓𝑓)

. 
However, we are also interested in finding the smallest eigenvalue of the matrix A, 

so we work with its resolvent matrix 𝑅𝑅𝑞𝑞 = [𝐼𝐼 − 𝑞𝑞𝐴𝐴]−1  ∈  ℝ𝑛𝑛𝑛𝑛𝑛𝑛 (Dimov & 
Karaivanova, 1998). If |q𝜆𝜆| < 1, 𝑅𝑅𝑞𝑞 may be expanded as a series via binomial theorem: 
 

𝑝𝑝∞=p(A)=∑ 𝑞𝑞𝑖𝑖𝐶𝐶𝑖𝑖+𝑚𝑚−1
𝑖𝑖 𝐴𝐴𝑖𝑖 = [𝐼𝐼 − 𝑞𝑞𝐴𝐴]−𝑚𝑚 = 𝑅𝑅𝑞𝑞𝑚𝑚.∞

𝑖𝑖=0       (11) 
A connection between the eigenvalues of the matrices 𝑅𝑅𝑞𝑞 and A existed and its given 

by the equality: 
𝜇𝜇 = 1

1−𝑞𝑞𝜆𝜆
              (12) 

and the eigenvectors of the two matrices are coincided. If q>0, the largest eigenvalue 
𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 of the resolvent matrix corresponds to the largest eigenvalue 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚  of the matrix 
A. But when q<0, then 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚 corresponds to the smallest eigenvalue 𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛 of the matrix 
A. 

 Applying the Power method (Dimov & Karaivanova, 1998), leads to the follow-
ing iterative processes: 

𝜆𝜆(𝑚𝑚) = (ℎ,𝐴𝐴𝑚𝑚𝑓𝑓)
(ℎ,𝐴𝐴𝑚𝑚−1𝑓𝑓) 𝑚𝑚→∞

�⎯⎯� 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚  ,          (13) 

𝜇𝜇(𝑚𝑚) = ([I−qA]−m𝑓𝑓,ℎ)
([I−qA]−(m−1)𝑓𝑓,ℎ) 𝑚𝑚→∞

�⎯⎯� 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚= 1
1−𝑞𝑞𝜆𝜆

        (14) 
To construct the Monte Carlo (MC) method, we define a Markov chain 

𝑘𝑘0 → 𝑘𝑘1 → ⋯𝑘𝑘𝑖𝑖 → ⋯ ,     (1 ≤ 𝑘𝑘𝑖𝑖 ≤ 𝑛𝑛) 
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with initial density vector 𝑝𝑝 = {𝑝𝑝𝛼𝛼}𝛼𝛼=1𝑛𝑛 , where Pr(𝑘𝑘𝑖𝑖 = 𝛼𝛼)= 𝑝𝑝𝛼𝛼  and the transition den-
sity matrix P={𝑝𝑝𝛼𝛼𝛼𝛼}𝛼𝛼,𝛼𝛼=1

𝑛𝑛 , where Pr(𝑘𝑘𝑖𝑖 = 𝛽𝛽|𝑘𝑘𝑖𝑖−1 = 𝛼𝛼)= 𝑝𝑝𝛼𝛼𝛼𝛼. 
Define the following random variables (r.v.) 𝑊𝑊𝑖𝑖 using the recursion formula: 

𝑊𝑊𝑜𝑜 = ℎ𝑘𝑘0
𝑝𝑝𝑘𝑘0

 ,   𝑊𝑊𝑖𝑖 = 𝑊𝑊𝑖𝑖−1
𝑚𝑚𝑘𝑘𝑗𝑗−1𝑘𝑘𝑗𝑗
𝑝𝑝𝑘𝑘𝑗𝑗−1𝑘𝑘𝑗𝑗

,       𝑗𝑗 = 1,2, …        (15) 

This has the desired expected values: 
𝐸𝐸�𝑊𝑊𝑖𝑖𝐻𝐻𝑘𝑘𝑖𝑖� = (ℎ,𝐴𝐴𝑖𝑖𝐻𝐻),    𝑖𝑖 = 1,2 ….         (16) 

𝐸𝐸�∑ 𝑞𝑞𝑖𝑖𝐶𝐶𝑖𝑖+𝑚𝑚−1
𝑖𝑖∞

𝑖𝑖=0 𝑊𝑊𝑖𝑖𝐻𝐻(𝑥𝑥𝑖𝑖)� = (ℎ, [𝐼𝐼 − 𝑞𝑞𝐴𝐴]−𝑚𝑚𝐻𝐻),    𝑚𝑚 = 1,2 ….    (17) 
This allows us to estimate the desired eigenvalues as: 

𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 ≈
𝐸𝐸�𝑊𝑊𝑖𝑖𝑓𝑓𝑘𝑘𝑖𝑖�

𝐸𝐸�𝑊𝑊𝑖𝑖−1𝑓𝑓𝑘𝑘𝑖𝑖−1�
             (18) 

and 

𝜆𝜆 ≈ 1
𝑞𝑞
�1 − 1

𝜇𝜇(𝑚𝑚)� = 𝐸𝐸[∑ 𝑞𝑞𝑖𝑖−1𝐶𝐶𝑖𝑖+𝑚𝑚−2
𝑖𝑖−1∞

𝑖𝑖=1 𝑊𝑊𝑖𝑖𝑓𝑓(𝑚𝑚𝑖𝑖)]
𝐸𝐸[∑ 𝑞𝑞𝑖𝑖𝐶𝐶𝑖𝑖+𝑚𝑚−1

𝑖𝑖∞
𝑖𝑖=0 𝑊𝑊𝑖𝑖𝑓𝑓(𝑚𝑚𝑖𝑖)]

.         (19) 

In formula (18) the length of the Markov chain is equal to the number of iterations, 
i, in the Power method while in formula (19) the length of the Markov chain is equal to 
the number of terms in truncated series for the resolvent matrix, where the parameter m 
corresponds to the number of power iterations. 

3.2 Estimation of the Condition Number 

By the equality (12), we can calculate the approximate values of 𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚  and 𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛, using 
the already approximated extremal eigenvalues of the resolvent matrix 

𝜆𝜆 ≈ 1
𝑞𝑞
�1 − 1

𝜇𝜇(𝑚𝑚)�. 
For the Resolvent Power method in case when 𝑞𝑞 < 0 the eigenvalues of matrices A 

and 𝑅𝑅𝑞𝑞 are connected through the equality: 
𝜆𝜆𝑛𝑛−𝑖𝑖+1 = 1

|𝑞𝑞|
( 1
𝜇𝜇𝑖𝑖
− 1)          (20) 

Then, 𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛 = 𝜆𝜆𝑛𝑛 = 1
|𝑞𝑞|

( 1
𝜇𝜇1
− 1) for 𝑖𝑖 = 1 and `𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 = 𝜆𝜆1 = 1

|𝑞𝑞|
( 1
𝜇𝜇𝑛𝑛
− 1) for 𝑖𝑖 = 𝑛𝑛,  

where 𝜇𝜇1 = 𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚  and  𝜇𝜇𝑛𝑛=𝜇𝜇𝑚𝑚𝑖𝑖𝑛𝑛. Thus, we can estimate the condition number of the 
considered matrix as: 

cond(A)= |𝜆𝜆𝑚𝑚𝑚𝑚𝑚𝑚 |
|𝜆𝜆𝑚𝑚𝑖𝑖𝑛𝑛|

 = |𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚|
|𝜇𝜇𝑚𝑚𝑖𝑖𝑛𝑛|

|1−𝜇𝜇𝑚𝑚𝑖𝑖𝑛𝑛|
|1−𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚|

 = cond(𝑅𝑅𝑞𝑞) |1−𝜇𝜇𝑚𝑚𝑖𝑖𝑛𝑛|
|1−𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚|

      (21) 

The last formula (21) shows that cond(A)< cond(𝑅𝑅𝑞𝑞) when |1−𝜇𝜇𝑚𝑚𝑖𝑖𝑛𝑛|
|1−𝜇𝜇𝑚𝑚𝑚𝑚𝑚𝑚|

< 1 and vice 
versa. If we have this apriori estimation, we can choose which one of the two methods, 
Power Monte Carlo or Resolvent Power Monte Carlo method, to use in our computation 
in order to solve faster the eigenvalue problem. 

3.3 Convergence and Complexity 

Consider a random variable 𝜃𝜃𝑖𝑖 = 𝑊𝑊𝑖𝑖𝐻𝐻𝑘𝑘𝑖𝑖 that has a mathematical expectation formula 
(16). The MC error obtained when computing a matrix-vector product is well-known 
to be: 
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�ℎ𝑇𝑇𝐴𝐴𝑖𝑖𝐻𝐻 − 1

𝑁𝑁
∑ (𝜃𝜃𝑖𝑖)𝑠𝑠𝑁𝑁
𝑖𝑖=0 � ≈ 𝑐𝑐.𝑉𝑉𝑎𝑎𝑉𝑉(𝜃𝜃𝑖𝑖)1/2𝑁𝑁−1/2, 

where c is a constant, the Var(θi) =E[(θi)2]-(E[θ])2and  
E[𝜃𝜃𝑖𝑖] =E[hk0

pk0
 Wifki]=∑

hk0
pk0

 pk0
n
k0=1 ∑ …𝑛𝑛

𝑘𝑘1=1 ∑
𝑚𝑚𝑘𝑘0𝑘𝑘1…..𝑚𝑚𝑘𝑘𝑚𝑚−1𝑘𝑘𝑚𝑚
𝑝𝑝𝑘𝑘0𝑘𝑘1….𝑝𝑝𝑘𝑘𝑚𝑚−1𝑘𝑘𝑚𝑚

𝑛𝑛
𝑘𝑘𝑖𝑖=1 𝑝𝑝𝑘𝑘0𝑘𝑘1 … . 𝑝𝑝𝑘𝑘𝑚𝑚−1𝑘𝑘𝑚𝑚 . 

Using the Importance sampling, we define the initial and transition densities as fol-
lows: 
 

𝑝𝑝𝛼𝛼 = |ℎ𝛼𝛼|
∑ |ℎ𝛼𝛼|𝑛𝑛
𝛼𝛼=1

 and 𝑝𝑝𝛼𝛼𝛼𝛼 =
|ℎ𝛼𝛼𝛼𝛼|

∑ |ℎ𝛼𝛼𝛼𝛼|𝑛𝑛
𝛼𝛼=1

,    𝛼𝛼 = 1,𝑛𝑛. 

In this case we get the following estimation for the variance: 
𝑉𝑉𝑎𝑎𝑉𝑉[𝜃𝜃𝑖𝑖] = 𝐸𝐸 ��ℎ𝑘𝑘0𝑊𝑊𝑚𝑚𝐻𝐻𝑘𝑘𝑚𝑚�

2� − (𝐸𝐸[ℎ𝑘𝑘0𝑊𝑊𝑚𝑚𝐻𝐻𝑘𝑘𝑚𝑚])2 ≤ 𝐸𝐸 ��ℎ𝑘𝑘0𝑊𝑊𝑚𝑚𝐻𝐻𝑘𝑘𝑚𝑚�
2� ≤ 

∑ �𝑎𝑎𝑘𝑘0𝑖𝑖 �
𝑛𝑛
𝑖𝑖=1 ∑ �𝑎𝑎𝑘𝑘1𝑖𝑖 �…𝑛𝑛

𝑖𝑖=1 ∑ �𝑎𝑎𝑘𝑘𝑚𝑚−1𝑖𝑖 �
𝑛𝑛
𝑖𝑖=1 , 

for any f and h that are normalized. 
The special case is when the elements of A are positive and the rows’ sums of A are 

constant, i.e  ∑ 𝑎𝑎𝑖𝑖𝑖𝑖 = 𝑎𝑎𝑛𝑛
𝑖𝑖=1 , i=1,𝑛𝑛 and if all the elements of the vector f are constant, 

then 𝑉𝑉𝑎𝑎𝑉𝑉[𝜃𝜃𝑖𝑖] = 0 (Dimov, Philippe, Karaivanova, & Weihrauch, 2008). 
The convergence of the Resolvent MC method is 𝑂𝑂 ��𝜇𝜇1 𝜇𝜇2� �

𝑚𝑚
+ 𝑐𝑐𝑁𝑁−12�, where m 

corresponds to the number of power iterations with the resolvent matrix. The computa-
tional complexity of the Resolvent MC method is 4𝑙𝑙𝑁𝑁, where N is the number of Mar-
kov chains, and l is equal to the number of terms in truncated series for the resolvent 
matrix. 

4 Conclusion 

Why we are interested in MCMs for eigenvalue problem? Because the computational 
complexity is bounded by O(lN) where N is the number of chains, and l is the mathe-
matical expectation of the length of the chains, both of which are independent of the 
matrix size n. This makes MCMs very efficient for large, sparse problems for which 
deterministic methods are not computationally efficient. Our future plans include nu-
merical estimating the condition numbers in image restoration problems. 
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